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Abstract 
Due to the constitutive property of soil, soil strength is generally considered as a difficult problem. This paper, by 
establishing the soil granular-structure model and using granules’ connecting points to reflect the soil structure, 
analyzes the mechanical and fracture characteristics of the connecting points of granules. 7 yield models are obtained 
in this paper. Through introduction of the concept of Vornornoi domain associated with the connecting points of 
granules, the strength of granules’ connecting points is transformed to the stress intensity in statistical domain. This is 
the basis for the analysis of the strength of structured soil in this paper. It’s found that the stress intensity of soil is 
directly related to the connecting strength of granules and the distributional pattern of granules’ connecting points. 
When the family of stress intensity curves generated in the statistical domain are observed and studied as a point on a 
macroscopic scale, the conclusion that there are multiple yield surfaces can be naturally obtained. Theoretically, this 
solves the theoretical problems associated with multiple yield surfaces. Stress gradient may also affect soil strength, 
which cannot be explained by the past classical theories. 
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1. Introduction 
As far as soil strength is concerned, many scholars have already done the research in this aspect with a 
lot of useful results [1-5] obtained. There are mainly two solutions for the determination of soil strength: 
one is to obtain the strength of the rock through experiments. But because of the complexity of soil-
material, its regularity is difficult to find and the corresponding parameters can only be measured at 
construction site. The other one is to combine theory with practice. The strength theory from the elastic-
plastic mechanics is mainly used to combine with practice to obtain strength parameter with certain 
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regularity based on the conditions of some assumptions. But as the assumptions based on elastic-plastic 
theory are far different from soil-material, the results are not very satisfactory. This paper attempts to 
explore the strength of soil-material from the perspective of granular structure model.  
2.  Soil granular structure model  
It can be regarded that soil-materials are constituted by a large number of granules according to certain 
structures. With this as the starting point of this paper, the strength of soil-material is analyzed.  
2.1.  Basic assumption  
In order to simplify the complexity of the soil, the structural model of soil-material is assumed to have 
the following features:  
 (1) The soil mass is composed of a large quantity of granules and the strength of these granules 
themselves is infinitely great. In other words, the fracture of granules when the soil is under the effect of 
load is not taken into consideration;  
 (2) The interaction among granules is formed through the contact among granules, and there is only 
one contact point (or surface) between two granules ;  
 (3) When the structure of combined granules changes, the connection among granules is considered to 
have reached fracture strength;  
 (4) From the macro view, the average features of combined granules within the scope of certain space 
are taken as the values representing the features of this macro point.  
From the above assumptions, it can be seen that the soil body in this model is simplified as the 
structure composed of convex granules with interaction, and the fracture feature of the soil is that the 
structure combined by granules changes as a result of the destruction of the connection among granules. 
The macroscopic plastic deformation of the soil reflects the change of the structure composed of granules. 
The macro analysis is based on statistics theory. The mechanics or other features of granular structure 
within certain scope, as the representative values of the macro point, are subject to statistical method. 
Therefore, the problem about the strength of granular soil changes into an intensity problem in the 
statistical domain.  
2.2. Connection strength among granules  
In terms of the structural model of granular soil, the macroscopic strength (the intensity within the 
statistical domain) is directly affected by the strength among granules and the distribution of the 
connection among granules, and the strength of the connection among granules is the basis for 
macroscopic strength (the intensity within the statistical domain). According to the literature [6-8], the 
connection among granules can be simplified as the fixed connection, and the acting force after 
simplification is shown in Figure 1 below. The main acting forces include tension/compression force 
(radial force) F, shear force (tangential force) Q and twisting force M. The strength of the connection is 
mainly subject to the control of three parameters. The parameters of the three kinds of forces can form 
three control modes as follows.  
 (1) Independent control mode of the parameter of the three kinds of forces. That is, the intensity 
components of F (tension/compression force), Q (shear force) and M (twisting force) exert no effect 
among each other. A cube is thus formed in the coordinate system of force. Therefore, it can be called as 
the cubic relationship (see Figure 2).  
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Fig. 1  The connecting point of  granule. 
Fig. 2  The cubic relationship. 
x xs
y ys
z zs
F f
F f
F f
 
 
 
       
x xs
y ys
z zs
Q q
Q q
Q q
 
 
 
      
x xs
y ys
z zs
M m
M m
M m
 
 
 
                                                 (1) 
(2) Certain relations may exist between any two of the intensity components of F(tension/compression 
force), Q (shear force) and M (twisting force), that is:  
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In some cases, the destruction of the strength among granules may be due to not only one kind of force 
but also the combined action of two kinds of forces. For instance, the friction among granules is 
determined by tangential force and positive pressure.  
 (3) The destruction of granular connection is under the control of the three intensity components of F 
(tension/compression force), Q (shear force) and M (twisting force). That is:  
G 0F Q M （ ， ， ）                                                                       (3) 
The three cases above can actually form seven intensity control modes, which can also be regarded as 
seven yield modes, namely:  
Tension/compression control mode, namely Fs control mode;  
Shear control mode, namely Qs control mode;  
Twisting control mode, or Ms control mode;  
Compression and shear control mode, namely Fs + Qs control mode;  
Shear and twisting control mode, namely Qs + Ms control mode;  
Compression and twisting control mode, namely Fs + Ms control mode;  
Compression, shear and twisting control mode, namely Fs + Qs + Ms control mode.  
The seven modes above will certainly be different when different materials are concerned. As for the 
strength of the contact surface among granules in granule model, the contact surface in different 
directions shows anisotropy due to the directionality of the contact surface.  
Such examples are as follows:  
a) Isotropic relation: 2 2 2 sF Q M R    
b) Directional oval relation: 2 2 2 2( ) ( ) ( ) sR  
f q m
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k k k
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c) Friction relation: Q kF  
In which, k refers to the friction coefficient.  
2.3.  Stress intensity of granular connection 
Although the connection strength among granules discussed above is described using the biggest 
destructive power of the connection among granules, it is described with stress intensity in macroscopic 
mechanics. In order to realize the correspondence between microscopic description and macroscopic 
description, the microscopic strength of granular connection should be described with stress intensity.  
In a system composed of granules connected, geometric shape and size of connection among granules 
is very complicated. We can simplify the connections among granules as points (lines or surfaces) in 
order to simply convert connection strength into stress expression. In our statistical domain to be 
investigated, a distribution area (as shown in figure 3) composed of points (lines or surfaces) formed by 
granules connected is obtained.  
 
 
 
 
 
 
 
 
Fig. 3 The connecting points of distribution area 
Fig. 4  The Vornornoi-domain 
To convert the force or strength on each connection into stress or stress intensity, the influence area of 
each connection point (line or surface) should be considered. Here the concepts and methods of 
Vornornoi-domain in computational geometry can be introduced to compute the Vornornoi-domain of 
each point (line or surface) according to the distribution of each connection point (line or surface), which 
is approximately taken as the influence area (the literature [9-12] can be referred to for calculation of 
Vornornoi-domain) of connection points (line or surface).  
Figure 4 is the Vornornoi-domain of a connection point, in which,  
( )i ir r                                                                          (4) 
ir and  are assumed as the radius vector and corresponding angle of Vornornoi-domain. Apparently 
the section of Vornornoi-domain passing through the origin with  as the normal direction is as follows:  
( ) ( )
2 2i i i
b r r                                                               (5) 
Thus, the stress intensity of the section with   as the corresponding normal direction can be 
expressed as follows:   
i
s
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i
R
b
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The couple stress under torsion refers to the result by dividing coupling intensity with the area of 
Vornornoi-domain Ai, i.e.:    
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b
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According to the expression, when the Vornornoi-domain is of irregular shape, the sections of 
Vornornoi-domain in different directions are different. Therefore, the stress intensity obtained by 
calculation will be affected by not only the force or the strength of connection points but also the shape of 
Vornornoi-domain. Even if the connection force or strength is the same, the stress and stress intensity will 
also show anisotropy due to the impact of the shape of Vornornoi- domain.  
3. Structural strength in the statistical domain  
From the macroscopic view, we can regard the statistical domain as a point, and its statistical 
characteristics and corresponding mechanic statistical parameters represent corresponding mechanic 
parameters of this point. But the statistical domain is microscopically an area containing many points 
connected by granules. The intensity of the statistical domain is the reflection of the statistical results of 
the features of each micro connection point and the distribution of the structure connected.  
3.1.  Expression of the structural strength of the statistical domain 
 The stress intensity of each connection point (line or surface) can be calculated based on the strength 
and distribution of the connection in statistical domain. The stress intensity can be drawn into a curve 
(stress intensity curve). The stress intensity curve as shown in Figure 5 can be obtained by drawing these 
curves in the same coordinate system. There are three considerations when it comes to the analysis of the 
stress intensity curve:  
 
 
 
 
 
 
 
Fig. 5 The stress intensity curve 
 (1) Average stress intensity. The average stress intensity of the statistical domain can be obtained by 
taking the size of Vornornoi domain of each connection as weight factor: 
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Where s refers to the average stress intensity of the statistical domain; iv  and 
s
i are the statistical 
domain size and corresponding stress intensity, respectively; V refers to the total size of the statistical 
domain. This formula reveals that the average value of the stress intensity in the entire statistical domain 
is used as the stress intensity of the statistical domain.  
 (2) The largest envelope intensity can be expressed as the Formula below:  
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                                                                 (9) 
That means the adoption of the maximum value among the stress intensities of all connections. That is 
Fig. 5 
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the outermost envelope curve of stress intensity curve family. Macroscopically, the intensity refers to that 
the entire statistical domain enters the yield or destruction stage.  
 (3) The expression of the minimum envelope intensity is as follows:    
min
1
[ ]
n
s
i
sMin
i
 

                                                               (10) 
Among the stress intensities of all connections, the minimum stress intensity value is selected as the 
stress intensity of the statistical domain. Figure 5 shows that is the innermost envelope curve of the curve 
family.  From a macroscopic view, when any point of the statistical domain enters the yield or destruction 
stage, it means that the whole statistical domain enters the yield or destruction stage.  
3.2. Macroscopic explanation of the intensity parameters in the statistical domain   
In addition to the three kinds of intensities defined above, there are still other types of intensity curves 
(surfaces) to be defined. For instance, 90% intensity or 80% intensity can be defined based on the 
frequency of the strength distribution of connection points, i.e. to implement control according to certain 
percentage. This means the intensity value in the entire statistical domain when the connections yielded or 
destroyed reach a given quantity. Actually, this has certain use value.  
A precondition for the establishment of the intensity control relationship above is as follows: when the 
statistical domain is under the effect of external load, each connection may bear same force. This may not 
correspond with the actual situation when the structural system composed of granules is more 
complicated. So, in some cases, the structure of granule system should be taken into consideration. 
Therefore the intensity of the statistical domain is a very complicated problem. (The influence of the 
structural morphology on strength will be discussed in another paper)  
It can be found from further analysis that the intensity in the statistical domain has some difference 
from the concept of the strength in elastic-plastic theory. The latter refers to the strength of a certain point, 
while the former refers to the reflection of statistical characteristics in the statistical domain. According to 
the elastic-plastic theory, the research object is totally idealized, and materials are considered to be 
infinitely separable and thus possess the concept of the strength of point. However, the actual materials 
may not be infinitely separable, and they can only reflect their corresponding characteristics in different 
scales. Therefore, in this scale level of granules, the concept of the intensity in the statistical domain is of 
more reasonable and practical value.  
In the elastic-plastic theory, some scholars once put forward the multiple yield surface theory which is 
mainly based on certain experiments. Through the material granular structure theory and by considering 
the structure of materials, it can be found that the multiple yield surface could be deduced naturally, 
which means that the phenomenon of multiple yield surface is the inevitable phenomenon following the 
diversification of the strength curve resulted from the continuity and heterogeneity caused by materials’ 
structural features.  
3.3.  Stress gradient and intensity  
If the local coordinate position of any connection point in statistical domain is assumed as (ζ i,η i), 
the stress of this point then can be approximately expressed as follows:   
0 0
0
s
i i i ix y
 
    
 
   
 
 
In which, бi refer to the stress of the ith connection; б0  refers to б0  =б0(x,y), the nominal stress in 
statistical domain; si refers to the stress intensity of the ith connection.  
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Fig. 6  New yield surface 
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related to the location of the connection in the statistical domain. In fact, if the minimum envelope 
intensity is adopted, the minimum value among all sti is to be found as 0 , namely the stress intensity of 
the statistical domain. The analysis of sti is as follows:  
st s s
i i i                                                                 (11) 
If si is a constant, it would be equivalent to a new yield surface formed by translational motion 
of si  in the stress intensity coordinate in the entire statistical domain. If 
s
i  is a variable, it will cause 
the change of the position and shape of the yield surface (this is similar to the kinematic hardening and 
homonymous hardening in classical elastic-plastic theory, but the difference lies in that this is caused by 
stress gradient here while the hardening in classical theory is due to the strain). The change may be called 
as stress gradient hardening.  
The strength si of all connections in statistical domain should be changed into the conversion 
intensity sti , based on the stress gradient at (x,y) point and local coordinate position (ζi,,ηi), and the 
minimum envelope intensity curve and maximum intensity envelope curve should be found out. Usually, 
the existence of si can make the exterior envelope surface more outward and the internal envelope 
surface more inward. That is, the existence of the stress gradient reduces the minimum envelope intensity 
of the statistical domain and increases the maximum envelope intensity, thus the transition area between 
the two envelope intensity curves becomes wider. This shows a kind of stress softening phenomenon at 
the macro level.  
Through derivation of the average value in the statistical domain based on the formula above, there is:  
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When the statistical domain is symmetrical, there is:  
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Meanwhile, it can be seen that, besides its influence on strength, the stress gradient also affects the 
relative position of the local coordinate of each connection in the statistical domain. In other words, it is 
concerned with the distribution of connection which in turn is related to the structural morphology of the 
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X0 F
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A B
statistical domain. Both the structural morphology of granular system and the stress intensity have an 
influence on strength.  
3.4. Influence of structural morphology of the connection on strength 
The stress intensity of the connection points discussed above is obtained as the average value of the 
strength of the connection points in Vornornoi-domain. This method is acceptable for the generally even 
distribution of connection points. But in some cases, the structural morphology of granular composite is 
quite complex. Quite a lot of literatures [13-16] have proved that the structure of the rock composed of 
granules may be fractal structure and each connection point in the fractal structure may play different 
roles in the entire structure. The structure shown in Figure 7 is one kind of the fractal structure, so it is 
obvious that the area of influence of each connection on the structure is different. For example, the areas 
influenced by Points A and B as well as their roles are more important in contrast to Point C. The 
destruction of the connection between Point A and B will result at the destruction of the entire structure, 
but the area of influence because of the destruction of Point C is relatively small. According to the 
commonly-used methods for solution of Vornornoi-domain, the Vornornoi-domains of Points A and B 
are relatively small. However, it can be found from the Figure 7 that Points A and B are the key points 
connecting two granules, and the areas influenced by them are actually significantly larger than that 
determined by Vornornoi-domain. If the commonly-used methods for solution of Vornornoi-domain are 
used to deduce stress intensity, it is apparent that this may lead to erroneous result and fail to reflect the 
actual situation of the strength among granules.  
 
 
 
 
 
Fig. 7 The key  point 
In order to overcome the deviation arising from the direct adoption of the solutions for Vornornoi 
domain, we must search for another way. Here the key issue is how to identify key connection points? 
According to the Renormalization Theory [17-19], the minimum composite unit of the object first, then 
the larger composite units and the relationship among the units at all levels, are examined according to 
certain rules. The calculation method for the strength of key connection points in complex composite 
structures of granules can be established according to this concept.   
4. Conclusion 
The above discussion reveals that the strength of the soil can be analyzed through the establishment of 
the structural model of soil granules, and some results which can not deduced using the classical theory 
are obtained through the analysis on the strength of the soil structure of granules, which can be 
summarized as follows:   
 (1) The strength of the soil is directly related to the connection strength among granules and the 
connection distribution form of granules;  
 (2) The conclusion of multiple yield surface can be naturally obtained from the stress intensity curve 
family formed in the statistical domain investigated as one point macroscopically, and thus the theoretical 
problem of multiple yield surface is solved;   
 (3) It is known from the analysis that the stress gradient will exert its influence on strength, which can 
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not be explained according to the past classical theory, and this phenomenon which is actually existent is 
properly explained in theory;  
 (4) The distribution form of granular connection points, especially some special types of structures 
(such as fractal structure), has crucial influence on the strength of the system.  
The past classical theory can not provide explanation for the conclusions above obtained from the 
analysis on the structural model of granules. As these structures and analysis methods solve the long 
existing problems concerning the system made up of granules, they initiate a new way of thinking for the 
solution of the system problem of granules. In addition, as the strength of granule system is a very 
complex problem, this paper only conducts a preliminary analysis on the establishment of granular 
structure model. Therefore, there are still problems requiring further profound research from both 
theoretical and experimental perspectives.  
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